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Abstract 

By making use of the background field method, we derive a novel reformulation 
of the Yang-Mills theory which was proposed recently by the author to derive quark 
confinement in QCD. This reformulation identifies the Yang-Mills theory with a de- 
formation of a topological quantum field theory. The relevant background is given 
by the topologically non-trivial field configuration, especially, the topological soliton 
which can be identified with the magnetic monopole current in four dimensions. We 
5^ \ argue that the gauge fixing term becomes dynamical and that the gluon mass gener- 

ation takes place by a spontaneous breakdown of the hidden supersymmetry caused 
by the dimensional reduction. We also propose a numerical simulation to confirm the 
validity of the scheme we have proposed. Finally we point out that the gauge fixing 
part may have a geometric meaning from the viewpoint of global topology where the 
magnetic monopole solution represents the critical point of a Morse function in the 
space of field configurations. 
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1 Introduction 



More than twenty years ago many authors |T| have proposed various strategies of 
deriving quark confinement in quantum chromodynamics (QCD). One of them is to 
show that the QCD vacuum is the dual superconductor which squeezes the color 
electric fiux between quarks and anti-quarks. The evidences have been accumulated 
by recent investigations. Especially, recent numerical simulations have confirmed this 
picture, see 0, ^. In this scenario, the magnetic monopole [|, ^ H obtained by the 
Abelian projection |^ in QCD plays the essential role ^. These results suggest 
that the low-energy effective theory of QCD is given by the dual Ginzburg-Landau 
theory |T^. In fact, it has been shown that the dual Ginzburg-Landau theory can be 



derived starting from the QCD Lagrangian at least in the strong coupling region, see 
e.g, 
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In the previous paper [|T2|, we have proposed a novel formulation of the Yang- 
Mills theory as a (perturbative) deformation of a topological quantum field theory 
(TQFT).[| We have shown |I2| , that the quark confinement in QCD in the sense of 
area law of the Wilson loop (or equivalently, the linear static potential between quark 
and anti-quark) can be derived from the formulation at least in the maximal Abelian 
(MA) gauge. The MA gauge realizes the Abelian magnetic monopole in Yang-Mills 
theory without introducing the scalar field as an elementary field (Hence it is realized 
as a composite field constructed from the gauge degrees of freedom). In the similar 



way, it has been shown |]14|] that the four-dimensional Abelian gauge theory can have 
the confining phase in the strong coupling region. This can be used to give another 
derivation of quark confinement in QCD based on the low-energy effective Abelian 
gauge theory, see [|15| . 



The above results are consistent with those of lattice gauge theory [|l^, though our 
formulation is given directly on the continuum space-time. This similarity is due to 
a fact that the ingredients of confinement in our formulation lies in the compactness 
of the gauge group (or the periodicity in the gauge potential) and the existence of 
topological soliton. Thus, the existence of magnetic monopole is a sufficient condition 
for explaining quark confinement, as confirmed by analytical and numerical results 



In this paper, we re-derive the formulation proposed in [12, 14| based on the back- 



ground field method (BGFM) [0, |T|, |T9], |0|, grf . A purpose of this paper is to fill the 



gap in the previous presentation [|I2| without any ad hoc argument. This derivation 
enables us to discuss various topological soliton or topological defect other than the 
magnetic monopole, which might equally play the important role in explaining the 
origin of quark confinement. Such a viewpoint is necessary to answer the question: 
what are the most relevant degrees of freedom for quark confinement, since the nec- 
essary and sufficient condition for quark confinement is not yet known. Therefore, 
our formulation can also be applied to other scenarios of quark confinement based on 



-'^In this reformulation, the gauge-fixed Yang-Mills theory is decomposed into the TQFT part and 
the remaining part. Then we assume that the remaining part can be treated in perturbation theory 
in the gauge coupling constant. This assumption is nothing but the meaning of the perturbative 
deformation. 



1 



various confiners, e.g. instanton, center vortex or non-Abelian magnetic monopole, 
although the details will be given in a subsequent paper. Another advantage of BGFM 
is that it simplifies the proof [TT| that the renormalization group beta function of 



the Abelian-projected effective gauge theory is the same as the original Yang-Mills 
non-Abelian gauge theory. 

Just as the topological Yang-Mills theory ||2^ describes the gauge field configura- 
tions satisfying the self-dual equation, i.e., instantons, 

the TQFT that we have proposed deals with the gauge field configurations which 
obeys the MA gauge equation, 

Dj[a]A^ = 0, (1.2) 

which is nothing but the background field equation. Both equations are the 1st order 
partial differential equations. They may have some properties in common. In fact, a 
class of classical solutions of the MA gauge equation ( |1.2| ) simultaneously satisfies the 



self-dual equation (|1 . 1|) and vice versa [|^, It is obtained from the same ansatz 



as that of 't Hooft for the multi-instanton. The instanton is the point defect in four 
dimensions, while the magnetic monopole is the point defect in three dimensions. In 
four dimensions, therefore, the magnetic monopole is a one-dimensional object, i.e., a 
current (a closed loop due to the topological conservation law d^k^ = 0). This is a 
Lorentz covariant generalization of the observation that the static monopole in three 
dimensions draws the straight line in the time direction in four dimensions where the 
monopole charge is given by the integral Qm '■= J d?xko{x) from the monopole density 
fco- Since we frequently use the 'magnetic' monopole as implying the solution of the 
MA gauge equation, the solution can describe the object which looks like the magnetic 
monopole and the instanton at the same time. Therefore, the magnetic monopole 
and the instanton are not the disjoint concept in four dimensions. Actually, strong 
correlations between monopoles and instantons are shown in the analytical studies 
23], ^ and observed in the lattice simulations |2^, It is easy to see 



that the instanton is also a solution of the field equation (2nd order partial differential 
equation) 

= 0. (1.3) 



However, it is not yet clarified which solution of the MA gauge equation ( |1.2| ) becomes 
that of the field equation besides the solution mentioned above. The solution of ( |1.2| ) 



may contain the solution which is not the solution of the field equation (|1.3| ) 



When we see the intersection of the magnetic monopole current with the two- 



dimensional plane, the classical configuration satisfying (1^) looks like the instanton 
in two-dimensional nonlinear sigma model (NLSM2), as shown in |jl2|. Therefore the 
condensation of the magnetic monopole current in four dimensions can be examined 
on the two-dimensional subspace which can be chosen arbitrarily. The condensation 
of the two-dimensional instanton in NLSM2 leads to that of the four- dimensional 
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magnetic monopole current in Yang-Mills theory. So the instanton condensation in 
NLSM2 is a sufficient condition of quark confinement based on the dual superconduc- 
tor scenario. 



In the scenario [0 of deriving quark confinement, the gauge fixing part for the 
gauge fixing condition (|1.2| ) has played the essential role. Since the quark confinement 
must be a gauge invariant concept, it is better to derive it based on the gauge in- 
variant formulation. In contrast to the lattice gauge theory, however, the continuum 
formulation of the ordinary gauge theory free from the gauge fixing is not available 
except for special cases. Then we are forced to deal with the formulation based on 
the specific choice of gauge fixing. The readers might think the claim strange that 
the essence of quark confinement lies in the gauge- fixing part. Recall that, in the 
level of the classical theory, the action part of the gauge theory is well understood 
from a viewpoint of the geometry of connection. In quantum theory, however, we 
need to include the gauge fixing term in order to correctly quantize the gauge theory. 
Usually, the gauge fixing term introduced in this way is not considered to have any 
geometric meaning. However, this observation is not necessarily correct. In fact, the 
gauge fixing term plus the associated Faddeev-Popov ghost term can have the very 
geometric meaning from the viewpoint of global topology, as will be discussed in this 
paper. In the quantum gauge theory, therefore, the action part and the gauge fixing 
part should be treated on equal footing. Unfortunately, we must discuss the topology 
of the infinite dimensional manifold for gauge field configurations. Then the math- 
ematically rigorous analysis will be rather hard, so that we can at best analyze the 
finite dimensional analog. 

Usually, we consider that, even if the gauge fixing term has a geometric interpre- 
tation, it can not have any local dynamics (propagating mode) and describe only the 
topological objects, since it is written as the Becchi-Rouet-Stora-Tyupin (BRST) ex- 
act form, i.e., Sgf = {Qb, 't^} using the BRST charge Qb- In the manifestly covari- 
ant formalism of gauge theory, the physical state \phys) is specified by the condition, 
Qslphys) = 0. If we consider the theory with the action Sgf = {Qb, /t^} alone by 
neglecting the Yang-Mills action (this theory is identified with the TQFT), the expec- 
tation value of the gauge invariant quantity {O) does not depend on the coupling k, 
since |:(0|O|0) = -{0\O{QB,^m + (0|O|0) (0|{Qb, vl/}|0) = -{0\{Qb,O^}) = 
where we have used the BRST invariance of O and |0) G \phys). However, taking into 
account the action Sym in addition to Sgf, we can not draw the same conclusion. 
This is the usual situation of quantized gauge theory. A subtle point is that the above 
consideration is based on the assumption that the BRST symmetry is not broken. 
If the BRST symmetry happen to be spontaneously broken ||3T[, the physical state 



including the vacuum is not annihilated by the BRST charge, i.e., QB\phys) 7^ 0. In 
this case, the TQFT with the action Stqft = {Qb, ^^^} can have local dynamics and 
the expectation value can depend on the coupling constant n. 

In our scenarios, the spontaneous breaking of the hidden supersymmetry OSp{4:\2) 
rather than the BRST symmetry can take place by the dimensional reduction (in the 
sense of Parisi-Sourlas [^, ^), at least for a special choice of the MA gauge |ll2[ . 
Here it is worth remarking that the equivalence of the correlation functions hold only 
for a class of them and hence the Hilbert space of the reduced theory is different 
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from the original theory [0. The symmetry breaking occurs spontaneously in the 
following sense. We can choose arbitrary {D — 2)-dimensional subspace from the 
D-dimensional spacetime. Once the specific subspace is chosen, however, the hidden 
supersymmetry OSp{4:\2), i.e., the rotational symmetry in the superspace is broken 
by this procedure. 

Another purpose of this paper is to propose a numerical simulation in order to 
confirm the dimensional reduction and examine its implications to quark confinement 
problem. The result will prove or disprove the validity of our scenario for deriving 
quark confinement based on the above reformulation. 

This paper is organized as follows. In section 2, we briefly review the BGFM 
for the Yang-Mills theory and its BRST version based on the functional integral 
formalism. In section 3, we explain how the quantum theory of topological soliton 
can be obtained in the framework of BGFM. We discuss a relationship between the 
instanton and the magnetic monopole in this construction. In section 4, by making 
the change of gauge field variable, we show that the formulation proposed in |T^ is 
recovered from the BFGM. This is the main result of this paper. In section 5, we give 
a strategy of deriving quark confinement based on the above formulation. We take up 
some issues which have not been mentioned in the previous publications. We give a 
proposal of numerical calculation for checking the validity of the strategy. In section 
6, we examine the mass generation for the gluon field in the MA gauge. We discuss 
a possibility of mass generation caused by the dimensional reduction as a result of 
breakdown of the hidden supersymmetry. In section 7, we discuss that the gauge 
fixing part in the quantum theory of gauge fields can have a geometric meaning from 
the viewpoint of global topology. In the final section, we summarize the results and 
discuss the role of various topological solitons other than the magnetic monopole for 
explaining color confinement in QCD. 

2 Background field method 
2.1 Path integral for Yang-Mills field 

We consider the functional integral approach to the Yang-Mills gauge field theory 
with the action 

Sym[A] := J d^'xCYMlA] = -J d^x^iJ'^M])'^ (2.1) 
where ^^[^] is the field strength for the gauge field defined by 

J^^M] ■■= d,At - d^Al + gf^^'^AlXt. (2.2) 

In the quantum theory of the Yang-Mills gauge field, the generating functional is 
defined by 



Z[J]:= J [dA]6{F^[A]) det 



6uj 



exp{t[SYM[A] + {J^-A^)]}, (2.3) 



^The tilde is used only for later convenience (in section 4) and does not have particular physical 
meaning. 
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where {J ■ A) is the source term 

{J, -A,) := J d''xJ^{x)Ai{x). 

In (p.3|), the gauge-fixing condition is imposed by 

= 0, 

and det 



(2.4) 



(2.5) 



5F^ 



is the so-called Faddeev-Popov (FP) determinant which is the deter- 
minant of the derivative of the gauge-fixing function under an infinitesimal gauge 
transformation, 



eABC aB^C 



V 



AB 



(2.6) 
(2.7) 



The delta function is made less singular by introducing the gauge-fixing parameter a 



as 



6{F^[A]) := n'^(^^[^(^)]) - exp{-.^(F[^] ■ F[A]) 

For example, a common choice is the Lorentz gauge, 

F\A\=d,Al. 
Then the FP determinant is given by 

'bF^' 



det 



^^i{d,V^^^\A\b^{x-y)). 



The connected Green's functions are generated by 

W\J\ := -%\xvZ\J\. 
The effective action is defined by making the Legendre transformation 

r[Q] :=iy[J]-(J^.Q^), 

where 

m 



{21 



(2.9) 



(2.10) 



(2.11) 



(2.12) 



(2.13) 



It is well known that the derivative of the effective action with respect to Q are the 
one-particle irreducible (IPI) Green's function. 
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2.2 BGFM 

Next, we consider the quantization on a given background gauge field fl^, 



(2.14) 



where Q„ denotes the field to be quantized. The generating functional is given by 



Z[J,n] := [dQ] det 



6F' 



6u 



exp 



Sym[^+Q] + {J^.-Q, 



2.15) 



where the gauge invariance for is broken by the the gauge fixing condition -F"^[Q] = 
which is supposed to fix completely the gauge degrees of freedom and the is 
the derivative of the gauge-fixing term under the infinitesimal gauge transformation 
given by 



~,\A 



(2.16) 



In ( p.l5| ), we do not couple the background field to the source following 't Hooft 

In the background field method (BGFM) 
gauge fixing condition is chosen, 



181, 0, HI' the the following 



(2.17) 



which is called the background field (BGF) gauge. An advantage of the EOF gauge 
is that the BGF gauge condition retains explicit gauge invariance for the background 
gauge field fi^ even after the gauge fixing for the field Q^. 

Proposition^^: Under the BGF gauge condition ( 2.17] ), the BGF generating func- 
tional ^[7, i7] and iy[J, fi] := — ilnZ[J, fi] are invariant under the (infinitesimal) 
transformation, 



tA 



{d^u + ig[uj,Q^])^, 



5J^ = ^g[uJ,J,r■.= -9f^^^uJ^J^• 



(2.18) 
(2.19) 



This is shown as follows. By making the change of integration variables, 
Qfi + i[<^, Q^l], i.e.. 



(2.20) 



Eq. ( |2.19|) and ( p.2(]| ) represent an adjoint group rotation for and respectively, 
so the term (J^ ■ Qfj_) is clearly invariant. Adding (|2.18|) and (p.20|) , we find 



(2.21) 



This is just a gauge transformation on the field variable A/^ = + Q^, so the action 
Sym[^ + Q] is also invariant. Note that the BGF gauge condition ^"^[2] is just 
the covariant derivative of with respect to the BGF fi^. Eq. ( p.l8| ) is a gauge 
transformation on and ( p.20| ) is an adjoint rotation of Q^. Then the gauge fixing 
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term {F ■ F) is invariant under such transformations. The FP determinant is also 
invariant, since the determinant is invariant under the adjoint rotation. Thus the 
BGF generating functional Z[J, Q] is invariant under ( [^.ISj ) and ( f^.l9| ). 
By using 

W[J,n] := -i\nZ[J,n], (2.22) 
we define the background effective action 

r[Q,Q] ■.= W[J,Q]-iJ„Q,), (2.23) 

where 

From the invariance of Z[J, Q], it follows that r[Q, f2] is invariant under 

= iV^[n]Cu), (2.25) 
SQf. = tg[Co,Q^], (2.26) 

Since (p.26| ) is a homogeneous transformation, r[0, Q] is invariant under the transfor- 
mation (|2.25 ) alone. Hence the effective action r[0,fi] in the BGFM is an explicitly 



gauge invariant functional of Q, since (|2.25| ) is just an ordinary gauge transformation. 



As a result, IPI Green's functions generated by differentiating r[0, fi] with respect to 
Q will obey the naive Ward-Takahashi identities of gauge invariance. Hence, r[0,i7] 
calculated in the BGFG is equal to the conventional effective action T[Q] with Q = Q 
calculated in an unconventional gauge which depends on Q 

F^[Q] := vfma^^ - n^^) = d,Q^ + ^7/^^^^^JQJ - d,n, = o. (2.27) 



Then we obtain 



as a special case of 



f[0,n] = T[Q]\Q^^, (2.28) 



f[QM=nQ]\Q=Q^u- (2-29) 



The IPI Green functions calculated from the gauge invariant effective action r[0,f2] 
will be very different from those calculated by conventional method in normal gauges. 
Nevertheless, the relation assures us that all gauge-invariant physical quantities will 



come out the same in either approach |^T|. Thus r[0, Q] can be used to generate the 



S-matrix of a gauge theory in exactly the same way as the usual effective action is 
employed. 
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2.3 BRST version of the BGFM 



Now we give the Becchi-Rouet-Stora-Tyupin (BRST) version of the BGFM. The BGF 
generating functional is rewritten into 

Z[J,n] := J [dQ][dC][dd][dB]exp {tSyAil^ + Q] + tSGF[Q,C ,d, B] + i{J^ ■ Q^.)p.30) 

where B is the auxihary scalar field and C, C are Hermitian anticommuting scalar 

field called the FP ghost and anti-ghost field, = C,C^ = C. Using the BRST 
transformation, 



SbC{x) 

~SbC{x) 
~SbB{x) 



0, 

V^[n + Q]Cix) := d^Cix) - ig[n^ix) + Q^ix), C'(x)], 
t^-g[C{x),C{x)], 

iB{x), 
0, 



(2.31) 



the gauge fixing and the FP ghost terms for the BGG are combined into a compact 
form, 



SGF[Q,C,d,B] := -Jd^'xiSBtTG 



C{F[Q] + ^B 



(2.32) 



or 



a ^ ^ 



Sgf[Q, C, C,B]= / d'^x tiG BV^[Q]Q^ + -BB + tCV^[Q]V^[Q + Q]C 



, (2.33) 



where a is the gauge-fixing parameter and a = corresponds to the Landau gauge 
(delta function gauge). This is clearly BRST invariant SbSgf = due to nilpotency 
of the BRST transformation, 6b = 0. If the aiixiliary field B is integrated out, the 
gauge-fixing part reads 



Sgf[Q,C,C]= J d^'x tlG 
In fact, this recovers the original form ( p.l5| ), since 



- {V^[Q]Q^f + zCV^[Q]V^[Q + Q]C 
la 



(2.34) 



det 



5uj 



~,B 



[dC][dC]exp 



i / d^'x tiG Ucv^[n]v^[n + Q]C 



(2.35) 



The explicit form of the FP ghost term is 

~A 



tr 



G 



+g^fACEfFDB^Cf^^ + Q,)^]C^ (2.36) 
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and the gauge fixing term is 



1 

25 



{d.Qtf + 2^r^^l^f Q^a.Q^ + •(2-37) 



Feynmann rule for tlie BGFM is derived from tfie sliifted action Sym^ + Q] and 
(^^3^) , see Abbott [||]. In tlie limit fi^ 0, the BRST version of BGFM reduces to 



the usual BRST formulation of the Yang-Mills theory in the Lorentz gauge, -^"^[(5] = 

The advantage of the BGFM becomes apparent when the two-loop (3 function is 
calculated. The BGFM makes the calculation much easier than previous calculations 



using the conventional approach, see |20, 21] 



3 Quantum theory of topological soliton and BGFM 

3.1 Summation over topological soliton background 

In the conventional approach, the background field Vt^ is chosen to be a solution of 
the classical field equation. In Yang-Mills theory, the equation of motion is given by 

^-^f^^vt'[A]:F^^AA] = ^. (3.1) 



Then, under the identification ( p.l4|) 



A^ = n^ + Q^, (3.2) 

the quantization is performed around arbitrary but fixed background which sat- 
isfies (|3.1|). In this paper, we consider the topologically nontrivial field configuration 



as a background field around which the quantization of the Yang-Mills theory is 
performed. Once a specific type of field configurations is chosen as the background 
Q^, we will include all possible configurations of the same type, in other words, we 
sum up all contributions coming from such a type of configurations. f\ Therefore, 
in our formulation, a candidate for the generating functional of the total Yang- Mills 
theory is given by 

z[j] = l[dn^]z[j,n]=: l[dn^]exp{tSeff[J,n]), (3.3) 

where we have defined 

Seff[J,n] := -i\nZ[J,n], (3.4) 

and [dfl^] is the integration measure specified later. 

^ Such a procedure was performed so far in various forms, e.g., by summing up the monopole- 
currents trajectories pi, Is^, |36|. 
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Note that the action Seff[J, ^] can have the local gauge invariance ( p.l8| ) for 
by virtue of the BGFM. Hence, the total Yang-Mills theory defined in this way is 
identified with the (quantized) gauge theory with the action Seff[J, fi], provided that 
the integration measure [dQ^] is gauge invariant. However, in order to quantize the 
total Yang-Mills theory correctly, we need to fix the local gauge invariance for the 
non-Abelian gauge field Thus, instead of (|3.3| ), we define the generating functional 
of the total Yang- Mills theory by 

Z[J]= J [dQ^]S{F^[Q]) det 

or 

Z[J] = J det 

where the gauge fixing function is not necessarily equal to the BGF gauge F^. 
The choice of F^ is quite important in our formulation for realizing topological soliton 
background, as explained below. In order to be able to incorporate the topological 
soliton, the gauge fixing function F[Q] should be nonlinear in Q. The measure [dflfj] 
must be chosen appropriately for the topological soliton in question. In the final 
stage the measure is replaced by the integration over the collective coordinates of the 
soliton. 



6F^ 



(3.5) 



5F^ 



exp [iSeff[J,VL\ 



i^{F[n].Fm 



(3.6) 



3.2 Yang-Mills instanton 

In four-dimensional Euclidean space, the most popular topologically nontrivial field 
configuration of pure Yang-Mills theory is the instanton (anti-instanton) [^, 



4^, which is a solution of the self-dual (self-antidual) equation. 



with a finite action 

Sym[A] < oo. (3.8) 



The self-dual equation ( p.7|) is a first order nonlinear partial differential equation (NL 
PDE), whereas the field equation (|3.1| )is a second order nonlinear partial differential 
equation. The instanton is a kind of topological soliton which is possible due to the 
nonlinearity of the self-dual equation. Due to the Bianchi identity, 

v,[A]t;m]^^. (3-9) 

any instanton (anti-instanton) solution is also a solution of the Yang-Mills field equa- 
tion, 

V,[A]T^,[A] = 0, (3.10) 
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Yang-Mills classical solution 



2nd order NL PDE 
V,[A]T^, = 



o SSU 



Magnetic monopole 



1st order NL PDE 
MA gauge 
^JW^^ = 



O EOT 
O CG 



't Hooft 



Instanton 



1st order NL PDE 
ADHM 



O Witten 



Figure 1: Moduli space, i.e, space of solutions for the Yang-Mills equation of motion 
(|3.1|) , self-dual instanton equation ( p.7|) and the magnetic monopole equation (|3.17|) 
in the MA gauge in four dimensions. The instanton solution of the self-dual equation 
(|3.7|) is also a solution of the Yang-Mills equation of motion ( p.l|) . The converse is 
not necessarily true. In fact, the Sibner-Sibner-Uhlenbeck (SSU) solution El] on S'^ 
is a solution of the Yang-Mills field equation which is not a solution of the self-dual 
PI . The general instanton solution on 5*^ can be constructed according 



equation 

to the Atiyah, Drinfeld, Hitchin and Mannin (ADHM) [^. The explicit form for 
the multi-instanton is known in the specific cases, e.g., 't Hooft type or Witten 
type ||3^. Both types include one-instanton solution of Belavin, Polyakov, Schwartz 
and Tyupkin (BPST) |^. The multi-instanton solution of 't Hooft type is also the 
solution of the magnetic monopole equation ( [A.l| ). Some solutions are known for 
(lOD , Chernodub and Gubarev (CG) ^ and Brower, Orginos and Tan (BOT) 
See Appendix A. The general solution of ( [A.lD is not yet known. In principle, there 
may exist a solution of the monopole equation which is not a solution of Yang-Mills 
field equation, indicated by ? in the figure. 
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but the converse does not hold. In fact, the instanton and the anti-instanton do not 
exhaust the solution of the Yang-Mills field equation, since there exists at least one 
solution of the Yang-Mills field equation (Sibner-Sibner-Uhlenbeck (SSU) solution 
p4| ) which is not a solution of the self-dual equation, see Fig. |l|. The existence of the 



instanton solution is suggested from the non-triviality of Homotopy group ^ 
vr3(G), 

7rs{SU{N)) = Z (iV = 2,3,---). (3.11) 

It is possible to construct the instanton background by choosing the gauge fixing 
condition, 

F^'l^ = ^^A^], := Kl^] T J'^A^]. (3.12) 



It is shown that this choice leads to the topological Yang-Mills theory p3|, ^ 



which is an example of the TQFT of Witten type. Since the topological Yang-Mills 
theory is derived from the N=2 Supersymmetric Yang-Mills theory by the procedure 
called the twisting, this might shed more light on the quark confinement based on the 
dual Meissner effect or the magnetic monopole |5^. However, quark confinement will 



be realized only when the N = 2 supersymmetry is broken down to = 1 by adding 
the mass perturbation. Since we do not have any convincing argument to justify such 
a scenario, we do not consider this possibility anymore in this paper. 



3.3 Magnetic monopole current 

In our formulation, however, the background field flf^ is not a priori required to be the 
classical solution of the field equation (|3.1|) , when we consider the quantum theory of 
the background field fi^. In quantum theory, it is not necessarily true that the most 
dominant contribution is given by the solution of the field equation. This is obvious 
in the functional integral approach because we must take into account the entropy 
associated with the relevant field configurations, which comes from the integration 
measure [dflf^] of the functional integral. In fact, whether the phase transition occurs 
or not is determined according to the balance between the action (energy) and the 
entropy, which is called the action (energy)-entropy argument. What kind of field 
configuration is important may vary from problem to problem. 

In our approach, we take the magnetic monopole current as the topologically 
nontrivial background This choice is suggested from the recent result of 
Monte Carlo simulations in lattice gauge theories; the (Abelian) magnetic monopole 
after Abelian projection ^ plays the dominant role in quark confinement. This fact 
is called the (Abelian) magnetic monopole dominance P). 

The magnetic monopole in pure Yang- Mills theory (without the elementary Higgs 
scalar field) is obtained as follows. First, we restrict the Non- Abelian gauge group G 
to the subgroup H [G ^ H) and retain only the gauge invariance for H, in other 
words, the gauge group element U{x) EG is restricted to the coset G/H. To obtain 
Abelian magnetic monopole, H is chosen to be the maximal torus subgroup of G 
(We will discuss other choices in the final section). We realize this restriction by the 
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partial gauge fixing. The MAG is a partial gauge fixing so that G/H is fixed and H 
is retained by choosing ^"^[^2] appropriately. The MA gauge condition is obtained by 
minimizing the 7?.[.4^] with respect to the gauge rotation U where 

n[A] := / d^x tvG/H (iA(^)A(^)) = / d""^^ Ia;{x)a;{x), (3.13) 

where we have used the Cartan decomposition which decomposes the non-Abelian 
gauge field into the diagonal and the off-diagonal pieces, 

= A^T^ = a^T" + A^T". (3.14) 

Note that the trace is taken only on the coset part, see Appendix B. A geometric 
meaning of this function is given in section 7. According to the Cartan decomposition, 
the Abelian gauge potential is defined by 

a"^{x) := trlHaA^ix)] (3.15) 

where Ha = T°'{i — 1, • • • , rankG) is the Cartan subalgebra. For G — SU{2), the 
differential MA gauge is obtained as 

F^[A\ := {8^5'^' - e^'^A,^)Al := D^^\A^\AI (a, h = 1, 2), (3.16) 

where = ^4^. Note that the equation 

L>/^[A^]4 = (a, 6 = 1,2). (3.17) 

is a 1st order nonlinear partial differential equation. We call this equation the 
monopole equation in what follows. 

Next, using the solution of = 0, the magnetic monopole current is defined 

by 

K = \e,^P<rdJ^, (3.18) 
where the Abelian field strength is given by 

- (3.19) 

Due to the topological conservation law, d^k'^ — the magnetic monopole current 
denotes a closed loop in four dimensions. The respective magnetic monopole is char- 
acterized by an integer- valued topological (magnetic) charge :— J d^xkQ{x) £ Z 
(« = 1, ■ ■ ■ , iV — 1 = rankS'f/(A^)). For the static monopole, the monopole current is 
given by k'^{x) = Q'^6^{'x)6^q with Q'^ being the magnetic charge. 

Finally, we must check the finiteness of 7^[^], which is necessary to define the 
Morse function, see section 7. The instanton solution give a finite Yang-Mills action, 
i.e., S'yM[^] < oo irrespective of the gauge choice, as a consequence of self-duality 
of the equation. On the other hand, the magnetic monopole solution of F"[^] — 
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must give a finite 7?.[^], i.e., TZ[A] < oo. This condition leads to the finiteness of the 
gauge-fixing action, 

SgfM < oo, (3.20) 

in the MA gauge. In the gauge-fixed formulation of the quantum gauge field theory, 
the gauge fixing part Sgf is important as well as the Yang-Mills action, Sym- In what 
folUows, it is very convenient to separate the pure gauge piece in the gauge potential, 

Q^{x) := -U{x)d^,U\x) = n^{x)T^, If e G/H. (3.21) 

For G = SU{2) and H = f/(l), it is shown that the Abelian gauge potential 
calculated as 

a,(x) = tr[ia3fii(x)](z = 1, 2, 3) (3.22) 

agrees exactly with the well-known static potential for the Dirac magnetic monopole 
i, Si, see e.g. 11. 



From the mathematical point of view, the existence of magnetic monopole is 
consistent with the following relation for the Homotopy group, 

-K^iG/H) = TTi{H) when 7r2{G) = 0. (3.23) 

Usually, the pure Yang-Mills theory does not have magnetic monopole as a stable 
topological soliton. This is consistent with 

7r2(G) = 0. (3.24) 

Therefore, for the existence of the magnetic monopole in pure Yang-Mills theory, 
the coset structure G/H is an indispensable ingredient. For G = SU{N), magnetic 
monopoles of — 1 species are expected for the maximal torus group H = U{1)^~^, 
since 

7r2{SU{N)/U{lf-') = 7r,{U{lf-^) = Z^-\ (3.25) 

whereas 

7r2(5t/(Ar)) = (Ar = 2,3,---). (3.26) 

4 Deformation of a topological field theory 

4.1 Change of field variables 

For the decomposition of field variable, 

A^{x) = Q^{x) + Q^{x), (4.1) 
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it is possible to identify the gauge transformation 

SA^{x) = V^[A]uj{x) := df,uj{x) - ig[A^,{x),uj{x)], (4.2) 

with a set of transformations 

6%{x) = V^[n]uix), (4.3) 
SQ,{x) = tg[uj{x),Q,{x)]. (4.4) 

Here and (^) correspond to ( PTTB]) and respectively. Note that fi^ 

transforms as an gauge field, while as a adjoint matter field. 

When Afj. is given by a finite gauge rotation (large gauge transformation) U{x) of 
V^, we take the following identification, 

Q,{x) := -U{x)d,U\x), Q,{x) := U{x)V^{x)U\x), (4.5) 
9 

where we have identified fi^(x) with the background field which is supposed to be 
generated from U{x). This identification leads after simple calculation to 

V^[n]Q^ := d^Q^ - ig[n^, Q^] (4.6) 
= d^iUix)V^ix)U^ix)) + [Uix)d^U^ix), Uix)V^ix)U^ix)] 
= U{x)dM^)UHx)- (4.7) 

Therefore, the BGF gauge for Q^, 

V^[n]Q^ix) = 0, (4.8) 
is equivalent to the Lorentz gauge for V^, 

dM^) = 0, (4.9) 
under the identification of the variables ([4.5|) . Under ([4.5|) , we can rewrite ( [4. 3D as 
6Udf,U^ + f/9^5t/"^ = tguUd^U^ - igUd^{U^uj), (4.10) 



and ([4.4|) as 

(5f/V^f/"^ + f/V^5f/"^ + f/(5V^f/"^ = iguUV^U^ - tgUV^U^u. (4.11) 

Therefore, in the BGF gauge, ( |4.3|) and ( |4.4| ) reduce to a set of transformations, 

6U{x) = tguj{x)U{x), 6U^{x) = -tgU\x)uj{x), (4.12) 
6V^{x) = 0, (4.13) 

since the gauge degrees of freedom for (small gauge transformation) is fixed by 
the Lorentz gauge ( |4.9| ). In what follows, we assume that the non-compact gauge 
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field variable V^(x) does not have topologically nontrivial configuration and all topo- 
logically nontrivial contributions come from the compact gauge group variable U{x) 
alone. We treat V^(x) and U{x) as if they are independent variables. The topological 
soliton (magnetic monopole) is derived as a solution of the nonlinear equation for 
which follows from the nonlinear gauge fixing condition (MA gauge). The local gauge 
invariance of Z [J, Q] written in terms of and reduces to the invariance under 
the transformation (^4.12 ), i.e. 



U{x) e^f^^^^f/(x). (4.14) 

The measure [dQ] invariant under ( |2.18| ) is replaced by the invariant Haar measure 
[dU] which is invariant under the local gauge rotation ([4.14|) . 



4.2 BRST formalism 

First, we rewrite the BRST formulation of BGFM in terms of new variables. By 
making the change of variable (|4.5|) which is a gauge transformation of V{x) by U{x), 
it turns out that the BRST transformation ( p.31| ) for the variables ^2^, Q^, C, C, B is 
rewritten into 

~5bU{x) = 0, 
~6BV,ix) = V,[V]^{x), 

6bi{x) = 2-^[7(x),7(x)], 

hPix) = 0, (4.15) 
where V^, 7, 7, P are the adjoint rotation of Q^, C, C, B respectively, 

V^:=f/tQ^f/, ^■=U^CU, ^■=U^du, p:=U^BU. (4.16) 
Under the adjoint rotation ( 4.16| ), the measure is invariant. 



[dV] [d-f] [d^] [dp] = [dQ] [dC] [dC] [dB]. (4.17) 
The Yang-Mills action is invariant under this change of variables, 
Sym[A] = SyM[Q +Q] = Sym[V]- (4.20) 

For the definition of the field strength 

:F^A-^] := df,Au - d^Af, - ig[A^,A^], (4.18) 
the change of variable A^, — UV^U^ + ^Ud^U^ leads to 

T^M] = UT^^Vp^ + -U[d^,d,pl (4.19) 

Note that the second term T^,^ :— ^?7[9p, 9y]C/^ can have a nonzero value and may modify the 
action. If U{x) e G is restricted to the coset G/H, it may yield a line-like singularity. For example, 
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The gauge fixing part ( p.32| ) for tlie BGF gauge is transformed into 



5'gf[V,7,7,/?] := - I d^xiSs tr, 



a 



a 



(4.21) 
(4.22) 



where we have used (4/7) and (|4.16|) . It turns out that the gauge fixing condition for 
field is given by the Lorentz gauge ([4.9|) . Note that ( [1.22| ) agrees with the form given 
in fl^. This BRST transformation corresponds to the small gauge transformation 



which does not change the topology of the gauge field. Thus the generating functional 
(|2.30|) is transformed as 



z[j,n] 



\dV][d^]mmexp{i[SYM[V] + SGF[V,in,f3] + {J, ■ UV,U^)]} {A.23) 
Next, we consider the total generating functional 
Z[J] 

[dnf,][dC][dC][dB]Z[J,n]exp{iSGF[^,C,C,B])exp[i{J^ ■ n^)] (4.24) 
[dn^][dC][dC][dB] exp{iSeff[J, fi] + iSgf[^, C, C, B] + i{J^ ■ n^)}(A.25) 



where we have introduced the source term (J^ ■ ^7^) for the background field. We 
introduce the BRST transformation, 

SsQ^ix) = V^[n]C{x):=d,C{x)-ig[Q,{x),C{x)], 

5bC{x) = t^g[C{x),C{x)], 

6bC{x) = tB{x), 
5bB{x) = 0, 

and the anti-BRST transformation, 



(4.26) 



SbC{x) 

6bC{x) 
SbB{x) 

where B is defined by 



V^[n]Cix) := d^Cix) - tgin^ix), Cix)], 

z^g[C{x),C{x)], 

iB{x), 
0, 



B{x) + B{x) = g[C{x),C{x)]. 



(4.27) 



(4.28) 



it is possible to have JFf„ :— —5{x)5{y)9{z)a^ which corresponds to the presence of Dirac string 
extending into the direction of the negative z axis from the origin, see e.g. Appendix C of |11 . Here 
the factor ^ corresponds to the magnetic charge. The same contribution as the Dirac string can be 
incorporated by taking into account the magnetic monopole instead of the Dirac string, as shown 
in | pj| . Moreover, the existence of such terms introduces rather singular terms in the action. Thus, 
we do not consider the effect of this term in what follows. 
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The BRST and anti-BRST transformations have the following properties, 
{Sef = 0, {5Bf = 0, {5b, 5b} ■= 6b6b + 6b6b = 0. 



(4.29) 



In what follows, we consider the variable U (x) as the fundamental variable instead 
of Qf^{x). Then the BRST and anti-BRST transformations for U and are given by 



and 



6bU{x) = igC{x)U{x), 5bU{x) = igC{x)U{x), 



6bV^^(x) = = 6Mx 



(4.30) 



(4.31) 



which are the BRST version of ( [4.12| ) and ( ^4.13| ) respectively. In fact, (|4.3CI| ) repro- 
duces the usual BRST ( [4.26| ) and anti-BRST (|4.27|) transformations of the gauge 
field, 



Q^{x) := -U{x)d^U\x). 



(4.32) 



Note that (|]30D and (lOll ) lead to 

SBQf,{x) 



v^[n]cix), 

tg[Cix),Q^ix)]. 



(4.33) 
(4.34) 

These are the BRST version of ( [4. 3] ) and ( |4.4| ) respectively, since within the BGFM, 
Q^, C, C, B or [/, C, (7, B are external fields in the sense that they are not integrated 

out in the measure [c/V] [rfC] [c/C] [ci-B] . Thus the generating functional of the total 
Yang-Mills theory reads 



Z[J] = J [dU] [dC] [dC] [dB] ex.p{iSeff[J, U] + tScpi^, C, C, B] + i{J^ ■ n^)}, (4.35) 

where [dU] is the invariant Haar measure and we have redefined 

Seff[J,U] := -i\nZ[J,n]. (4.36) 
In order to realize the magnetic monopole background, we adopt the MA gauge 



for which the gauge fixing and the FP ghost terms are written in the form |]TT 

Sgf[^,C,C,B] := - J d^'xtSBtlG/H 



C ( F[n] + -B 



(4.37) 



where the trace is taken on the coset G/H, not the entire G. For G = SU{2), 

F^'IQ] := ((9^5"^ - e''^^Q^^)Ql := (a, 6 = 1, 2). (4.38) 

By adding an BRST-exact ghost self-interaction term, ( [4.37| ) is cast into the more 



convenient form 12 



S'c;p[il,G,G,B] := J d^x i5BSBtTG/H 



\n,{x)Q,{x) - ^^G{x)C{x) 



(4.39) 
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From ( [4.29| ), S'qp is invariant under the BRST and anti-BRST transformations, 

6bS'gp = = dsS'ap. (4.40) 

This action S'qp describes the topological soliton derived from the nonlinear equation 
F[Q] = 0, the monopole equation. This action is BRST exact and hence there is no 
local degrees of freedom propagating in spacetime. It describes the quantity related 
to the global topology, as though the Chern-Simons theory describes the linking of 
knots We call the theory with the BRST exact action S'qp = Stqft alone the 



topological quantum field theory (TQFT). The generating functional is given by 

Ztqft[J] = J [dU] [dC] [dC] [dB] exp{tSTQFT[^, C, C, B] + t{J, ■ Q,)}. (4.41) 

In view of this, the above reformulation of the Yang-Mills theory was called the 
deformation of the TQFT. 

In the above rederivation, the fact that the field behaves as if it is a gauge field 
Afj, is essential. This is guaranteed by the BGFM. 

4.3 Expectation value 

In our formulation, an arbitrary function f{A) of A is written as f{A) = 5'(V^, U)h{U) 
by making the change of variable ( ^.Ij ) and ( [4. 5] ). Then the expectation value is 
evaluated as 

U{A))ym = MV,, U)h{U))'^y,,)^Qpp = {{giV,, UXy^MU)fTQFT- (4.42) 

Here, taking the expectation value {■)tqft corresponds to summing over topological 
soliton contributions by making use of the TQFT described by the variable U, whereas 
{■)pYM denotes the expectation value for the deformation piece which is described by 
the usual Yang- Mills theory with the variable (Here p denotes the perturbative). 
Of course, we can change the ordering of taking the expectation value, 

{fiA))yM = {{giV,, U)hiU))!^Qpp)%p (4.43) 

Both expressions should give the same result, if they are calculated exactly. 

Under the assumption of perturbative deformation, the expectation {giV^, U))pYM 
is calculated by expanding the integrand giV/j,, U) into power series in V^. This is a 
minimal assumption in the practical calculation. After that, (^'(V^, U))pYM is still a 
function of U, say, p{U). Finally, the expectation {p{U)h{U))TQFT must be evalu- 
ated in the non-perturbative way, since this piece estimates the soliton contribution. 
Perturbative deformation is an assumption that the deformation part is evaluated in 
the perturbation theory in the coupling constant g. In other words, all the essential 
non-perturbative contributions are provided with the topological soliton described by 
the TQFT. Actually, this strategy was performed in the evaluation of the Wilson loop 

mm. 



^ Different reformulations based on the similar idea have been presented by many authors, e.g., 
by Hata and Taniguchi p2|, and Fucito, Martellini and Zeni M]. 
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4.4 Abelian-projected effective gauge theory 



The above result should be compared with the previous formulation [TT|] which 
begins with the generating functional, 

Z[J] = J [dA^] [dC] [dC] [dB] exp{tSYM[A] + C, C, B] + t{J^ ■ A^)}. (4.44) 

First, following the Cartan decomposition ( p.l4|) , the non-Abelian gauge field was 
decomposed into the diagonal and the off-diagonal pieces, 

= A^T^ = a;r + A;^T". (4.45) 

Then the MA gauge was imposed as a gauge fixing condition. Finally, all the off- 
diagonal fields taking values in the Lie algebra of the coset G/H were integrated out 
in the functional integral, 

Z[J] = l[dd^][dC'][dC%dB']exp{zS,,ag[a\C\C\B']+i{J^-a^)}, (4.46) 

where 

Z[a\ C\ C\ B'] := exp{z^rf,,,[a\ C\ C\ (4.47) 
\dA'^\dC''\\dC''\\dB''\ qxp{iSym\A\ + iSgf\A, C, C, B\ + z(J^ ■ A^)04.48) 

The theory with the action S'djac/[«\ C*, C**, -B*] was called the Abelian-projected effec- 



tive gauge theory (APEGT). It has been shown [^, |ri|] that the APEGT has the same 
beta function as the original Yang-Mills theory, exhibiting the asymptotic freedom, 
although the APEGT is an Abelian gauge theory. 

It turns out that the previous strategy presented in [^S], |11| is equivalent to the 
above formulation presented in this paper and that the results obtained in the previous 
works are the immediate consequence of the present formulation, if we identify the 
diagonal and off-diagonal fields with the background field and the quantum fluctuation 
respectively, i.e., 

= a;r, = AIT\ (4.49) 

The theory with an action Sdiag[o^ ■, C*, (7*, 5*] is written in terms of only the diagonal 
fields. As long as the BGF gauge is imposed on the off-diagonal field A^, this theory 
becomes the Abelian gauge theory, since the BGFM guarantees that the background 
field transforms as a gauge field (Of course, the diagonal field is reduced to the 
Abelian gauge field in this case). Indeed, the BGF gauge D°-'^[a\A^ = is nothing but 
the MA gauge. Hence the coincidence of the beta function is understood from the 
BGFM. 



5 Strategy of a derivation of quark confinement 



We consider the D-dim. QCD (QCD/)) with a gauge group G ioi D > 2. The (full) 
non-Abelian Wilson loop is defined as the path-ordered exponent along a loop C, 



W^[A] := tr 



Pexp [ig j>^A'^{x)T^dx^' 



/tr(l). 



(5.1) 
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We define the (full) string tension a by 

— lim 



ln(iy'^[^]) 



(5.2) 



A{C)^oo A{C) 

where A{C) is the minimal area spanned by the Wilson loop C . The non-zero string 
tension a 7^ implies that the Wilson loop expectation value behaves for large loop 
as 

{W^[A]) r^e^^{-aA{C)). (5.3) 

This is called the area (decay) law. The static potential V{R) for a pair of quark 
and anti-quark is evaluated from the rectangular Wilson loop C with sides T and R 
{A{C) = TR) according to 



V{R) 



1 



lim -ln(Vr^U]). 



(5.4) 



The area law of the Wilson loop or non-zero string tension a 7^ implies the existence 
of the linear part aR in the static potential V{R), leading to quark confinement. 

In a series of papers [jTT], 13 1, a derivation of the area law of the Wilson 

loop in QCDi has been given in the following steps. 

Step 1: Reformulating the Yang-Mills theory as a deformation of a TQFT in 
MA gauge [g 



Step 2: Parisi-Sourlas Dimensional reduction 12 



Step 3: Abelian magnetic monopole dominance |TB 

Step 4: Instanton calculus |12| or large N expansion |^ 
The first two steps are shown schematically as follows. 



D-dim. QCD with a gauge group G 



MA gauge 



D-dim. Perturbative QCD 


(2) 

deform 


D 


-dim. TQFT 






Dimensional redu 


ction 


D-dim. Perturbative QCD 



deform 


(D-2)- 


dim. G/H NLSM 





The following analyses within the above reformulation (the perturbative deforma- 
tion of a TQFT) is based on an assumption that the contribution from V^(a;) can be 
treated in perturbation theory in the gauge coupling constant g. This assumption 
leads to the topological sector dominance in the sense that the area law contribution 
comes solely from the contribution of U (x) described by the TQFT and the remaining 
part V^(x) does not contribute to the area law of the Wilson loop. 
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5.1 Step 1: Reformulating the Yang-Mills theory as a defor- 
mation of a TQFT in MA gauge 

QCD£) is reformulated as a deformation of a TQFT/5 in MA gauge. The MA gauge 
is a partial gauge fixing such that the coset part G/H of the gauge group G is fixed 
and the maximal torus group H is left as a residual gauge group. 



For G = SU{2), it has been shown [|13] that the expectation value of the non- 



Abelian Wilson loop is rewritten using the non-Abelian Stokes theorem |T3 into 



{W^[A]) 



YM 



exp 



igJ dx^n^{x)V^{x) \ exp iJ J cfz e^j,n ■ {d^n x d^n 



) (5.5) 

TQFT 



where S" is a surface with a boundary G {dS = G) and n(x) = {n^{x),n^{x),'n?{x)) 
is the three-dimensional unit vector (n(x) • n(x) = 1) defined by 

n^{x)T^ = U\x)T''U{x), = (A = 1, 2, 3). (5.6) 

Here J specifies the representation of the fermion in the definition of the Wilson loop 
and J = 1/2 corresponds to the fundamental representation. 

5.2 Step 2: Parisi-Sourlas dimensional reduction 



It has been shown ||T2l that TQFT/) is equivalent to the coset G/H nonlinear sigma 
model (NLSM) in (D-2) dimensions, NLSMi:)_2. This is a consequence of Parisi- 
Sourlas dimensional reduction [^] due to the supersymmetry hidden in TQFT ([4.41|) . 



This is an advantage that we have chosen the MA gauge. 

As extensively discussed more than 20 years ago, QCD4 and NLSM2 have various 
common properties: renormalizability, asymptotic freedom (i.e., negative beta func- 
tion /?((?) < 0), dynamical mass generation, existence of instanton solution, no phase 
transition for any value of coupling constant (i.e., one phase), etc. This similarity 
between two theories can be understood from this correspondence, 

QGD4 D TQFTi ^ G/H NLSM2. (5.7) 

For the SU{N) gauge group, the existence of 2D instanton is guaranteed for any N, 
because 7r2{SU{N)/U{l)^-^) = tti{U{1)^-^) = Z^-\ See the second paper in 
for details. 

For G = SU{2), G/H NLSM is nothing but the 0(3) NLSM. For the pknar Wilson 
loop, the evaluation of the expectation value {■)tqft in TQFT4 

{W'^IADym = ^TQFT4 / [dUix)Un^ expi-STQFTAUMUMU) (5.8) 

is reduced to that in the coset G/H NLSM2 

{W^[A])ym = Z^lsM, I [dnix)l^n^ exp(-5,vL5Mjn])p(f/)/i(f/), (5.9) 
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where we have used the notation ( [4.42| ) with 



hiU) 
p{U) :-- 



exp 
( exp 



igJ j dx^n^{x)V^{x 



(5.10) 
(5.11) 



pYM 



In the original Lagrangian of QCD, the scalar field is not included as an elementary 
field, but it appears as a composite field according to ( |5.6| ). The unit vector n(a;) plays 
the same role as the monopole scalar field 0(a;) which describes the 't Hooft-Polyakov 
monopole for G = SU{2), i.e., 



(t)^{x) 



[X 



x)\ := y0^(x)0^(x). 



(5.12) 



5.3 Step 3: Abelian magnetic monopole dominance 

The diagonal (or Abelian) string tension aAbei is defined by 

by making use of the diagonal Wilson loop, 
W^[a^] = exp (^zc/j£rfx^aj^(x; 



nlix) := tiiT^'n^ix)), n^{x) ■.= -u{x)d^u{x)^. 



Owing to the dimensional reduction, we find 



^/TQFTi \ '■ U NLSM2 



(5.13) 

(5.14) 
(5.15) 

(5.16) 



where 



{W''[a^])NLSM, = Z-^\sM, I [dn{x)leR2 exp(-S'^i.5Mjn])iy^[a^]. (5.17) 



Then it is shown that, in the limit of large Wilson loop, two string tensions agree 
with each other, a = aAbei, since 



A{C) 



ln(W^'[A]) -ln(l^^[a^] 

\ '/YM4 \ '/NLSM2 



iO (A(C)Too) 



(5.1^ 



if we identify the deformation with the perturbative one. Thus, for the large planar 
(non-intersecting) Wilson loop , the full string tension a is saturated by the diagonal 
string tension aAbei- This explains the Abelian dominance and magnetic monopole 
dominance. 

This result is derived as follows. In calculating ( |5.9|) , if we put p{U) = 1, then 



VV^lAlJ^^^ coincides with y^^i^^]} jy^^jy^ ? since it is shown [jT2| that h{U) = 
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iy"[a^]. In our framework called the perturbative deformation of TQFT, p{U) is 
estimated by making use of the power-series expansion in the coupling constant g (or 
in the 't Hooft coupling A := g'^N in the framework of large expansion, see |Q) as 

p{U) = l + f^^^l(jjdx^n\x)V^{x)X) 

n=l n. \ \ JC / / 

{igJY 



1 + y / dxf ■ ■ ■ / dx't-n'^Hxi) ■ ■■n^Hxn) 

^1 n! Jc Jc 

x{K'(^^)---K^M)pYM. (5.19) 



By calculating the expectation value {V^^^xi) ■ ■ ■V^"{xn))pYM, we can express p{U) 
in terms of the n(x) fields which are defined on the loop C embedded in the two- 
dimensional space. However, it is shown that the additional contribution from p{U) — 
1 to the expectation value of the Wilson loop does not have the the area decay 
part. Incidentally, although the perturbative deformation part is insufficient to derive 
the area law, it leads to the running coupling constant which is governed by the 
renormalization group (3 function of the original Ynag- Mills theory in consistent with 
the asymptotic freedom. 

5.4 Step 4: Instanton calculus 

The whole problem is reduced to calculating the diagonal Wilson loop in NLSM2, 

Note that the integrand of Qs is the instanton density in NLSM2. Therefore, Qs 
counts the number of instantons minus that of anti-instantons inside the area ^(c R^) 
bounded by the Wilson loop C. This suggests that the quark confinement follows from 
the condensation of topological soliton, the magnetic monopole. 

In this step we have employed the naive instanton calculus to calculate the di- 
agonal Wilson loop. In the dilute gas approximation the two-dimensional instanton 
contributions are summing up according to 

00 00 1 „ n . n 

E E / Wd'^^ / \{d^^{p;)eM-{n++n-)SMV''''''', (5.21) 

n7^onrto^+!^-! J t=i J r=i 

where the action of NLSM2 is replaced by (n+ -|- n_)Si{g) using the numbers of in- 
stanton and anti-instanton n^,n_ and the action for one instanton 51(5^) = Air'^/g'^ 
in NLSM2. Thus the (infinite dimensional) functional integral measure ['in(x)]a;gR2 
has been replaced with the (finite dimensional) integration with respect to the col- 
lective coordinates, Zi (position of the instanton) and pi (size of the instanton). Such 
reduction of degrees of freedom in the functional integration is a common feature in 
TQFT as shown in section 7. 

This leads to the area law of the diagonal Wilson loop and the non-zero diagonal 
string tension (TAbei for half odd integer J or the fractional charge q. 
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5.5 Area law and quark confinement 

In the framework of the deformation of a TQFT for the Yang-Mills theory, the non- 
zero string tension a in QCD4 follows from the non-zero diagonal string tension a Abel 
in NLSM2. The problem of proving area law in QCD4 is reduced to the corresponding 
problem in NLSM2. 

All the above steps are exact except for the instanton calculus of the Wilson loop 



in NLSM2. For sufficiently large and planar Wilson loop, it was shown |]12], |13| that 
the string tension is given by 

a = 2Be-^' [1 - cos (27rJ)] , = (5.22) 

9 

where B is a constant with the mass-squared dimension coming from the integration 
over the instanton size / dfi{p) and Si is the action for one instanton in NLSM2. 

The result ( p.22|) shows that for half odd integers J = |,|,|,---, the Wilson loop 
exhibits area law for sufficiently large Wilson loop C, whereas the area law and the 
linear potential disappears for integers J = 1,2,3,---. Therefore, the fundamental 
fermion J = | is confined, while the adjoint fermion J = 1 can not be confined. 

In the above formulation using the MA gauge, it is the compact residual Abelian 
group that plays the essential role in evaluating the gauge invariant quantity. This 
feature is very similar to the situation in the lattice gauge theory. In fact, the result 
(|5.22|) is a consequence of the periodicity (or compactness) of the residual Abehan 
gauge group, i.e., maximal torus group U{1) of SU{2), in the variable U after the 
MA gauge is chosen. On the other hand, the gauge degrees of freedom for the non- 
compact field V/j, have been completely fixed by the gauge fixing condition of Lorentz 
type. The explicit expression ( |5.22| ) depends on the approximation taken in the 
instanton calculus, the periodicity of the string tension (hence the absence of string 
tension for J = 1, 2, ■ ■ ■) does not depend on the approximation. 

It is the perturbative part that gives the running of the coupling constant g. The 
running is governed by the renormalization group beta function f3{g). The usual 
Yang-Mills4 theory exhibits asymptotic freedom, e.g., for G = SU{Nc) at one-loop 
level, 

m := = + ■ ■ ■ , = ^ > 0. (5.23) 

In our framework, the correct beta function is derived based on the BGFM, see fE^, 



rT|. For the static potential V{R), the perturbative part gives a Coulomb potential 
contribution a{fi)/R where a(/i) := g"^ (fi) / iir runs according to the P{g). 

Similar strategy can also be applied to QED4 (G = f/(l)) to prove the existence of 
strong coupling confinement phase . This follows from the existence of Berezinski- 
Kosterlitz-Thouless transition of the 0(2) NLSM2. The corresponding steps are shown 
as follows. 
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This result enables us to give another derivation of quark confinement in QCD 

This viewpoint 



based on the low-energy effective Abelian gauge theory |rT|, see 
is more interesting in the sense that the confinement- deconfinement transition can be 
discussed within the same framework. 



5.6 Remarks and unresolved issues 

The dilute gas approximation can be improved. More systematic instanton calcula- 
tions enable us to identify an instanton solution with the Coulomb gas of vortices 



57, 58, 59, pQ, 31 1. Consequently, the low-energy effective Abelian gauge theory 



belongs to the strong coupling phase where the quark confinement is realized, see 



15 



The absence of intermediate Casimir scaling region (i.e., cr = for integer J) may 
be due to our simplified treatment of the instanton size. In order to obtain the result 
(|5.22|) we have treated the instanton as if it is exactly a point-like object in the dilute 
gas approximation. The Casimir scaling will be explained by taking into account the 



size effect of the instanton, as performed for the center vortex by Greensite et al. |]62 

Recent investigations show that the QCD vacuum is a dual super conductor caused 
by the condensation of magnetic monopole and that the low-energy effective gauge 
theory is given the dual Ginzburg-Landau theory. However, numerical simulations 
claim that the dual superconductor is near type I, rather than type II, see 0. This 
result seems to contradicts with the analytical studies. 

It is desirable to extend the above analyses into more general gauge groups. The 
case of G = SU{3) will be discussed in forthcoming paper in detail. 



5.7 A proposal of numerical calculations 

Some of the implications from the above strategy will be checked by direct numerical 
simulations on the lattice. Due to difficulties of defining supersymmetry on the lattice, 
it might be impossible to check directly the equivalence between the 4D TQFT and 
the 2D NLSM. Nevertheless, it is desirable to check the following statements: 
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1. Validity of perturbative deformation of TQFT: The expectation value of the 
diagonal Wilson loop in NLSM2, 



W'^W']) =(exp 

^iNLShh \ 



127!: J ^ I (fz eaun ■ {dnU x d^n 
Sn Js 

behaves as that of the non-Abelian Wilson loop in Yang-Mills4, 
Two string tensions a Abel and a agree with each other. 



, (5.24) 

NLSM2 



(5.25) 

YM4 



2. Validity of instanton calculus: Only the instanton contribution in NLSM2 is 
sufficient to recover the Abelian string tension, aAbei- 

3. Existence of the scale: The asymptotic scaling holds for the Abelian string 
tension a Abel calculated from the NLSM2. 

The results will prove or disprove validity of our strategy of deriving quark confine- 
ment. 



6 Gauge fixing and gluon mass 
6.1 A naive MA gauge 

A simple but ad hoc way to give the mass for the off-diagonal gluon is to introduce 
the following mass term to the Yang-Mills action, 



S-^ = J d'^xtiG/H Qm^AA^ . (6.1) 



This introduce the mass of the off-diagonal gluons in the tree level and this explicitly 
break the gauge invariance corresponding to G/H. Indeed, the mass term ( |6.1| ) is 
derived as a gauge fixing term as follows. The simplest MA gauge where the off- 
diagonal part is made as small as possible will be the following gauge, 

F'^IA] := Al = 0. (6.2) 

In order to write the gauge-fixing action, we must introduce the vector auxiliary field 
Bfj^ and the vector FP ghost and anti-ghost C^, so that 

Sgf = -J d^'x tSstTG/H [C, (a^ + , (6.3) 

where the nilpotent BRST transformation is constructed as |^ 



SbA^ 


— c^, 




= 0, 


^BCfi 


= iB^, 


SbB^ 


= 0. 



(6.4) 



^ This BRST transformation does not leave the Yang-MiUs action invariant, unless the equation 
of motion is used. So, it is unusual when we include the Yang-Mills action. 
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Eliminating the auxiliary field -B^, we reproduce the mass term, 



SgF = J d'^X tlG/H 



■A^{x)A^{x) +iC^{x)C^{x) 



(6.5) 



where we have put = 1/a. [] In four-dimensions, the parameter looks like 
a mass which is arbitrary and can not be determined. The BRST transformation is 
highly unusual, since it corresponds to the gauge transformation much larger than the 
SU(N) gauge transformation. Note that has the same number of indices as A^. 
Hence we can use to eliminate the fields A^ to obtain the vacuous theory. The 
ghost field has its own remaining ghost symmetry, parameterized by the ghost 
field, (j)^, the ghost for ghost, so the ghosts themselves require more gauge fixing. Note 
that the gauge fixing condition ( |6.2|) does not allow the topological soliton, since it is 
linear in the field. 

Making the change of variables with the adjoint orbit parameterization 



n^{x) = tr \u\x)T^U{x)T' 



lead to the four-dimensional coset G/H NLSM. 



-a^ {A 
2 ^ 



1,2,3) 



(6.6) 



GF 



(fx 



m 



-d^n{x)d^n{x) + ■ 



(6.7) 



since A^ = Udf^W + ■ • •. This is similar to a piece of the effective theory for the 
low-energy QCD proposed by Faddeev and Niemi [^] based on Cho's works |65 . 



6.2 The MA gauge 

The naive MA gauge above should be compared with the MA gauge. The MA gauge 
F^'IQ] := {d^'S^^ - e''''^Q^'^)Ql^ := D^'^^lQ^jQl (a, 6 = 1, 2) (6.8) 
is obtained by minimizing the 7^[^^] with respect to the gauge rotation U where 



n[A] := J d^x tiG/H (^^A^,{x)Af,{x)j , 



(6.9) 



where is a constant. The MA gauge fixing leads to the gauge-fixing action ( 4.37|) 
where the gauge fixing parameter is arbitrary at this stage. In our formulation, we 
demand the supersymmetry [|1^ of the gauge fixing action. Then the dimensional 
reduction |^ occurs as a spontaneous breaking of the supersymmetry (as explained 
below). This symmetry requirement has determined the form of the gauge-fixing term 
(^4.39|) and the result is independent from the coefficient in calA]. The explicit 
action (|4.39|) after taking the BRST transformation is rather complicated and does 



For D = 4, the mass dimension is given as follows, dim[^^] — dim[C^] — 1, dim[i3^] — dim[C^] 
— 3 and dim [a] =-2. 
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D 

d 



4 + e 
2 + e 












D = 4 
d = 2 




Figure 2: Renormalization group beta functions for the D-dimensional Yang- Mills 
gauge theory and the (i-dimensional NLSM have the same form when d = D — 2. (a) 
D = 4 + e and = 2 + e, (b) D = 4 and d = 2. 



not have any apparent mass term, see [Tl|, However, the dimensional reduction 



121 leads to 

S'gf ■= J d^'-^Z 2TlilG/H 

27r 



-Aa{z, 0)Aa{z, 0) + iC{z, 0)C{z, 0) 



j d^X tlG/H 



Aa{x)Aa{x) +i2'KC{x)C{x] 



(6.10) 
(6.11) 



where x = {z,x) G and z E R'^^^, x G R^, a = 1, ■ ■ ■ , D — 2. Hence, the 
MA gauge leads to the unusual mass term, m{x) = m{z,x) = 2tt6'^{x). The mass 
is anisotropic and the gauge field is massive only in Z) — 2 dimensions. However, 
the choice of the (D-2)-dimensional subspace is arbitrary. For D = 4, the equivalent 
action is given in the form of two-dimensional NLSM, 



GF 



d'z 



dan{z) ■ dan{z) + tic/H {i27TC^{z)C^{z)^ 



(6.12) 



It is known that the two-dimensional NLSM exhibits dynamical mass generation, that 
is to say, the spectrum has a mass gap, although the initial lagrangian does not have 
the usual mass term. In this sense, in the subspace the gauge field can have the 
mass. Fl 



6.3 Spontaneous breakdown of hidden supersymmetry 

A step of dimensional reduction is a little bit subtle. In the TQFT, the action is BRST 
exact by definition, so the partition function and the expectation value of the gauge 

® The mass generation due to dimensional reduction to the NLSM was first demonstrated by 
Hata and Kugo p3| in the context of color confinement. 
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invariant operator do not depend on the coupling constant. However, the NLSMd_2 
obtained after the dimensional reduction from the TQFT/) is not topological and may 
depend on the coupling constant. This seems at first glance inconsistent. 

This problem will be resolved as follows. The dimensional reduction is a con- 
sequence of the hidden supersymmetry in TQFT obtained in the MA gauge, see 



r2| . Here the supersymmetry implies the invariance under the super rotation in 
the superspace {x^,9,9), i.e., the orthsymplectic group 0Sp{D\2). The advantage 
of introducing the superspace is to give a geometric meaning to the BRST transfor- 
mation. In fact, the BRST symmetry becomes the translational invariance in the 
superspace. The BRST charges Qb and Qb are generators of the translations in the 
direction of the Grassmann variables 9 and i9, i.e., they are identified as ^ and 
respectively. In the process of the dimensional reduction we can choose arbitrary two 
dimensions from D dimensions {x^,---,x^) G R"^, since there is no privileged 
direction. However, once we have chosen specific two dimensions, the rotation sym- 
metry is partially broken by this procedure. In this sense, the dimensional reduction 
causes the spontaneous breakdown of the supersymmetry hidden in TQFT. 

This becomes more clear in evaluating the expectation value of an operator based 
on the dimensional reduction. For this strategy to work, the support of all the oper- 
ators must be contained in the (D-2) dimensional subspace to which the dimensional 
reduction occurs. Such an expectation value is obtained from the generating func- 
tional by restricting the external source J'{x, 9, 9) to a (D-2)-dimensional subspace 
J'{{z,x = 0),9 = 0,9 = 0) i.e., by putting x = 9 = 9 = 0. This is obtained as a 
consequence of restricting the orthosymplectic 0Sp{D\2) rotation to the orthogonal 
0{D — 2) rotation, see section IV of the paper |jl2[. Of course, when a pair of quark 
and anti-quark exists, it is convenient to choose the (D-2)-dimensional subspace so 
that their trajectories are contained in the subspace when D > 4. The supersymme- 
try (i.e., rotational invariance 05*^(1^12) in the BRST superspace) is broken into the 
orthogonal 0(D — 2) rotation, whereas the BRST symmetries (i.e., translational in- 
variances in the direction of 9, 9 in the superspace) is broken by putting x = 9 = 9 = 0. 
Note that the Hilbert space of the (D-2)-dimensional bosonic theory is different from 
the original D-dimensional supersymmetric theory. Consequently, (D-2)-dimensional 
bosonic theory is no longer topological. Thus, the NLSM2 can be obtained without 
contradiction from TQFT4 by dimensional reduction. 

Finally we consider the above result from a different point of view. We consider 
the 4 + e dimensional Yang-Mills theory and 2 + e dimensional NLSM. For e > 0, 
both theories have two phases, the disordered (high-temperature) phase in the strong 
coupling region g > gc and the ordered (low-temperature) phase in the weak coupling 
region g < gc where gc ~ 0(e). The beta function is expected to be positive for 
< g < gc and negative for g > gc. See Fig. 0(a). As e decreases, the ordered phases 
shrinks and finally disappears (gd^) i as e | 0). In this limit, the beta function 
becomes negative for any value of g, leading to the asymptotic freedom for YM4 
and NLSM2. See Fig. 0(b). In this limit, the massless Nambu-Goldstone particle 
associated to the spontaneous breaking of G to if also disappear, as examined by 
Bardeen, Lee and Shrock For D = 4, thus, the massless Nambu-Goldstone (NG) 
particle associated with the spontaneous breaking of supersymmetry, if any, can not 
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exist in two dimensions. f\ 



7 Geometric meaning of gauge fixing term 

In quantizing the gauge theory, the procedure of gauge fixing is indispensable to avoid 
infinities due to overcounting of gauge equivalent configurations. So in the quantized 
gauge theory we must treat the gauge fixing term seriously as well as the gauge field 
action. Already at the level of classical theory, it is well known that the gauge theory 
has a geometric meaning, i.e., gauge theory is nothing but the geometry of connection. 
In this section we want to emphasize that the gauge fixing term may have a geometric 
meaning from a viewpoint of global topology. 



7.1 FP determinant 

The usual procedure of gauge fixing is to insert the identity 

1 = Afp[A] f[dU]l[6{F'^[A'']) (7.1) 

into the functional integral 

Z = J[dA'']exp{~SYM[A'']). (7.2) 

Then we obtain 

Z = J [dU] J [dA'']App[A'']ll6{F^[A''])exp{-SYM[A'']), (7.3) 

since App is gauge invariant, Airp[^] = App[A'^]. The Ai?p is calculated as follows. 
App[A]-' = [[duj]Yl6{F^[A-]) 

•' X 



When this result in the presence of Gribov copies is substituted into ( [7731) , the BRST 
formulation does not work. Even when there is no Gribov copies, we have the absolute 
value of the determinant, 

App[A]= detf^^^") . (7.5) 

\ OUJ J ^=^k 

^ The above argument is clearly insufficient in the following sense. The BRST symmetry is a 
global continuous symmetry. If it is spontaneously broken, the NG particle should appear, otherwise 
the Higgs mechanism should occur. It has been shown that the massless NG boson in question does 
not appear in the physical state and that the dynamical Higgs mechanism does occur. As a result, 
the off-diagonal gluons and the off-diagonal ghosts (anti-ghosts) become massive. See the recent 
paper |6fl| and references cited there. 
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(a) (b) 

Figure 3: Various two-dimensional surfaces with different topology. The Euler number 
X of the two-dimensional surface is determined by the topology of the surface, i.e., 
X = 2 — 2(7 for the surface with the genus g. The Morse index Vp = (—1)'*''' is a local 
quantity which is determined at the critical points (black dots in the figures) of the 
Morse function. The Euler number is equal to the sum of the Morse indices over all 
the critical points, i.e., x = ^o~tt-i+^2- For example, it is easy to see that (a) x = 2 
for the sphere 5*^, (b) x = for the torus T^. 



This expression is difficult to be used. Therefore, we do not adopt this approach. 
Rather we start from the expression, 

Z = J [dU] J [dA'']l[6{F^[A'']) det (^-^^^) exp{-SYM[A'']). (7.6) 



Such a formulation was proposed by Fujikawa |6^. We will show that such a proposal 
is very natural from the viewpoint of global topology. 

7.2 Gauge fixing and global topology 

In the following, we use the notation 0"^ = {A'^{x)} where a denotes collectively 
X, fi,A. If we take the gauge fixing condition 

^= ^ = 0' (7-7) 
the partition function in the gauge theory is given by 



Z := /M0]n^(i^l0])det(^^je-^[^] 



Mmi^^^Jdet^^Je--- (7 
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Let M be the manifold M of field configurations {0"} and / a continuous function 
from M to R, / : M — i> R. In order to see the geometric meaning of the gauge fixing 
term, we consider the limit S[(f)\ 0, i.e., only the gauge fixing and the corresponding 
FP ghost term. 

Hence, from the property of the Dirac delta function, we have 



sign 

fc:V/(0fc)=O 



det 



'5- 



7(0) \ 



Pk 



(7.11) 



where 0^ is a solution of Vf{(f)) = or F"[0] = 0. Thus we obtain 



Xg= E ^/p:=sign(detf^^) = (-l)^^ (7.12) 

p:V/(<^p)=0 

where Hf is the Hessian defined by 

- WW'- ^ ^ 

For a smooth function /, the Hessian is a symmetric matrix and hence its eigenvalues 
are all real. The index Ap is equal to the number of negative eigenvalues of the 
Hessian. Note that x is an integer. In order to obtain this simple expression, the 
existence of the FP determinant is indispensable. The function / is called the Morse 
function |68|, if all the critical points P (i.e., V f{P) = 0) of / are non-degenerate, 
i.e., det(if/) 7^ 0. For a finite dimensional case, it is known that all non-degenerate 
critical points of / are isolated critical points, i.e., there is no other critical point in 
the neighborhood of a critical point. Whether the critical point is degenerate or non- 
degenerate does not depend on how to choose the coordinate systems in the manifold 
M of field configurations {0"}. A convenient way to see the above situation is to 
use the standard form. The quantity x is obtained as the sum of the index Vp over 
all the critical points, once the function / is given. See Fig. | for a simple case of 
two-dimensional surface M2. In that case, we have 

X(M2) = no - ni + na, (7.14) 

where no,ni,n2 are the total numbers of the minimal, saddle and maximum points 
respectively. 

For a given field configuration 0°, we can consider the global topology. The 
measure [(i0(x)] includes various field configurations with various global topology. 
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each of which is characterized by an appropriate topological invariant. By repeating 
the similar calculation, we obtain for the partition function, 



Z= z^pe-^f'^''^ = E {-\f^e-^^'^^\ (7.15) 

p:V/(</.p)=0 p:V/(9ip)=0 

The two-dimensional case is rather simple, see Fig. ^. The Poincare'-Hopf theorem 
for the two-dimensional surface states that x defined in ( [7.12| ) is equal to the Euler 
number x of the two-dimensional surface M2, 

X(M2) =2-2^7, (7.16) 

where g is the genus, i.e., number of handles. The Morse index z/p or Ap is a local 
quantity, but, the sum x given by (|7.12|) is determined only from the global topology 
of the surface ( |7.16| ) without any local information. The Poincare-Hopf theorem gives 
a bridge between the local geometry and global topology: 

Local ^(local index)p = topological invariant ^ Global. (7-17) 

V 

This is a very important result for our purpose. Because, by deforming the surface 
in a continuous way, the location of the critical point change and the Morse index 
at the new critical point may also change, but the total sum of the Morse index is a 
topological invariant which is determined only by the global topology of the surface 
irrespective of the way of continuous deformation. 

It is well known that the two-dimensional manifold is completely classified by the 
genus or the Euler number. This is not the case in higher dimensions. In fact, we 
must treat the infinite dimensional case. Even in the infinite dimensional case, for a 
specific field configuration M^, a topological invariant Q(M^) will be determined. 
Then it is expected that the xg is expressed as a sum of topological invariants, 

Xg = Y.^qQ{MZ:). (7.18) 
Q 

In view of this, the functional we have chosen to derive the MA gauge, 

7^[^]] := 1 dPx txGiu {^-^^{x)^^{x)^ (7.19) 

is considered to be a Morse function. Indeed, the MA gauge condition is obtained as 
the gradient of the Morse function 7^ with respect to the large gauge transformation, 

^« . fin,. (7.20) 

The topology change in the field configurations may be caused by the large (or finite) 
gauge transformation allowed in the measure [c??7], since the measure is invariant 
under the global gauge rotation U — * t^'^U . Thus, the gauge fixing and the associated 
FP term when integrated out by the functional measure can have a geometric 
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meaning which is related to the global topology of the field configurations. The Morse 
function is a tool of probing the global topology allowed in the functional space of 
the field configurations by gathering the local information at all the critical points. 
The partition function of Yang- Mills theory is given by 



[0] 



p:F{np)=0 



E 

p:F(np)=0 



(7.21) 



Finally, we consider how x changes when we change the Morse function /. In two- 
dimensional case, x(^2) is determined by the topology of manifold M2 irrespective 
of the choice of Morse function /. If this feature survives in the infinite dimensional 
case, we can conclude that the global topology of the Yang-Mills theory does not 
depend on the way of gauge fixing. 



7.3 Morse function and BRST transformation 

By introducing the auxihary field B and the FP ghost and anti-ghost fields, we 
can write 



X:= l[d<j>]l[6iF^[4>])deti^ 
where the gauge-fixing action reads 



Sgf = / d^x + BF- pF'[(f)]^ = j d^x Si 

with the nilpotent BRST transformation. 



a 



-p ( + -B 



5B(t> = V', 
5Bi^ = 0, 
SbP 
SbB 



B, 
0. 



By eliminating the auxiliary field B, we have 



ogf 



J[d<l>][dndp]e-'o^, 
Jd^x [-i-(F[0]f -pF' 



where 



5b 
SbiP 

SbP 



0, 

m 



(7.22) 



(7.23) 



(7.24) 
(7.25) 
(7.26) 



(7.27) 
(7.28) 



a 



(7.29) 
(7.30) 
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The critical point := g^' = corresponds to the fixed point of BRST transfor- 
mation. Therefore, the integration ■ ■ ■ is locahzed on the fixed point of 
BRST transformation. This is a characteristic feature of topological quantum field 
theory. The condition = is regarded as a non-linear partial differential equa- 
tion. The space of parameters characterizing the solution of this equation is called 
the moduli space. In the TQFT, the above argument shows that the infinite dimen- 
sional functional integral reduces to finite dimensional integral on moduli space. For 
example, for the Yang- Mills instanton with Q = k, dimM = 8k < oo. 



8 Conclusion and discussion 

In this paper we have derived a reformulation of the Yang-Mills theory based on 
the background field method. The reformulation identifies the Yang-Mills theory 
as a deformation of a topological quantum field theory as proposed in |12[. The 
background field is given by a topological soliton. 

In order to show quark confinement, the condensation of a topological soliton is 
necessary to occur. This has been actually derived by summing up the topological 
soliton contributions, provided that the topological soliton is described by the topolog- 
ical field theory. The topological field theory has been derived from the gauge fixing 
term corresponding to the nonlinear gauge fixing condition, the maximal Abelian 
gauge. The maximal Abelian gauge implies that the topological soliton in question 
is nothing but the magnetic monopole current, the four-dimensional version of the 
magnetic monopole. The result ensures that the quark confinement is realized in the 
QCD vacuum as a dual superconductor. Furthermore, we have proposed a numerical 
simulation which is able to confirm the validity of the above reformulation. 

We have discussed a novel mechanism for the mass generation for the gauge field, 
i.e., dynamical mass generation as the dimensional reduction which causes the sponta- 
neous breakdown of the hidden supersymmetry in the topological field theory. More- 
over, we have suggested that the gauge fixing action may have the geometric meaning 
from the view point of global topology by making use of the Morse function. 

In this paper we have restricted our consideration to the maximal Abelian gauge 
where the residual gauge group H is the maximal torus group of the non-Abelian 
gauge group G {H = U{1)^^^ for G = SU{N)), although our formulation can be 
applied to any choice of H. Therefore the topological soliton is given by the Abelian 
magnetic monopole. However, it is possible to consider other choices for the residual 
gauge group H (especially for G = SU{N){N > 3)) which leads to the topologi- 
cal soliton other than the Abelian magnetic monopole, e.g., non-Abelian magnetic 
monopole, center vortex. Either choice will lead to the quark confinement. From 
the viewpoint of color confinement, however, the maximal torus group for H is not 
necessarily the best choice. The details will be given in the subsequent paper pP|. 
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A Overlapping between monopole current and in- 
stanton solutions 



The MA gauge ( |3.16|) is written as 



where 



A^^:=^{Al±iAl). (A.2) 



We show that the gauge potential of the form, 



At{x)=riidJ{x), (A.3) 



satisfies the monopole equation ( |A.1D for arbitrary function / as long as [9^, dy\f = 0. 
Here the ?7-symbol ('t Hooft symbol) is defined by 



Vf„y ■= ^A,jiu + 5am^4i/ - 5av54/,, (A.4) 

for /i, z/ = 1, 2, 3, 4, y4 = 1, 2, 3 (we have assumed eAiv = ^a^a = 0). 
Substituting the ansatz (|A.3| ) into the definition of A^, we have 



A'X = -^vlivU ± ^vlMfdJ = T irilMfd.f = 0, (A.5) 



where we have used the relations |38 



On the other hand, we find 



vt = -vt- (A.7) 



d,A^{x)=v^,d,dJ{x), (A.8) 

and hence 

d,A^ := -^{d.Al ± zd.Al) = -^{vlAduf ± ^vlAdJ). (A.9) 

Note that r]^^d^duf{x) = \ri^y[d^, di]f{x). Therefore, the MA gauge ( |A.1| ) is satisfied 
for any function / as long as [9^, di,]f = 0. 

The ansatz ( [A .31 ) is the same as the multi-instanton solution of 't Hooft type. The 
?7-symbols are self-dual in the vector indices, 

V^u = ^W/3^a/3- (A- 10) 
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The instanton solution is obtained assuming [dfj_,du]f = 0, since the instanton is the 
point defect in four dimensions. For the magnetic monopole current (the hne defect) 
in four dimensions, [d^,d^]f 7^ can happen, see e.g. Appendix C of |]TT|. Such a 
possibihty has not been studied so far. 

The n-instanton solution in the singular gauge is given by 



f{x) = In 



n 2 

1 + E 



k=l 



{X - Zkf 



(A.ll) 



where is the position and pi is the size of the z-th instanton {k = 1, ■ ■ ■ , n), and all 
the instantons have the same color orientations. For the n-instanton, / = In and 
are singular at n points, x = Zk{k = 1, ■ ■ ■ , n). The gauge potential reads 



A^ix) = ■ -. (A.12) 

11 Y^n Pk 



1 + ELi 



(x-2fc)2 



The one- instanton solution ||3^ is obtained as a special case, n = 1, 

The singular solution behaves as a pure gauge near the singular point x = z, 

A,{x) := A^ix)^ ^ U\y)d,Uiy), (A.14) 



since A^j. is written as 



with y = X 



A,{x) = W{y)d,U{y)^^, (A.15) 

yZ _|_ pZ 



X4 + zx^cr^ 



U(x) = j— , \x\ := \/x4X4 + x'^x^. (A.16) 

\x\ 



Since the self-duality and field equations are gauge covariant, the gauge transformed 
potential also satisfies them. This holds also for the monopole equation ( A.l ). By the 
appropriate inverse gauge transformation U, we can get rid of the singularity and the 
resulting solution vanishes a.t x = z. In fact, the singularity ai x = z can be removed 
by a singular gauge transformation, 

A,\x) = Uiy)[A,{x) + d,]U^iy), (A.17) 

and the non-singular solution is obtained |^ 



A^'ix) = (A.18) 

^ [x — zy + 
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where ?7-symbol is defined by 



77^ : = 



(A.19) 



Indeed, the solution ( |A.18| ) has no singularity at any x. The non-singular solution 
approaches the pure gauge as x — oo, 



A;ix)^Uix)d^U^ix). 



(A.20) 



Note that the multi-antiinstanton is obtained by interchanging ?7-symbol and ?7-symbol 
which is self-antidual, 



77^ 

llJbV 



—A 



If we restrict the diagonal component 

= Vludufix) = e^^,dj{x), 

and / is independent from 4, 

A^iix) := ai{x) = eijdjf{x){i,j = 1,2) 



{A.21] 



(A.22) 



(A.23) 



This solution is similar to the Witten solution |^ for the multi-instanton with cylin 



drical symmetry, see section V of |[T^ 



It is known |^ that various well-known equations in lower dimensions are ob- 
tained by (dimensional) reduction of the self-dual equation in four dimensions. For 
example, if the field is static, i.e., doAfj, = 0, the identification Ao{xo,x.) = 0(x) with 
X = {xi,X2,X3) leads to the Bogomol'nyi equation describing the magnetic monopole 
in three dimensions. 



1,2,3). 



(A.24) 



In this sense, the self-dual equation contains a kind of magnetic monopole. 

Under the ansatz (|A.3|) , the self-dual equation ( p.l2|) for the instanton is satisfied 
only for the function / given by ( [A.ll| ) which is also a solution of the Yang-Mills 
field equation (|3?T|). The same ansatz gives a solution of the monopole equation for 
arbitrary / which is not necessarily the solution of the Yang- Mills field equation. The 
general solution of the self-dual equation is given according to the method of Atiyah, 
Drinfeld, Hitchin and Mannin (ADHM). To author's knowledge, the general solution 
is not known for the monopole equation ([A.l| ). In order for the solution of ( |A.1| ) to 
give a magnetic monopole, we must check whether the solution gives non-trivial /c^. 
The explicit monopole solution was constructed in |2^ and . Only the solution of 
Brower, Orginos and Tan (EOT) ||2^ satisfies 7l[A] < oo. For more details, see |24 . 
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B Comparison with the Cho-Faddeev-Niemi vari- 
ables 

If we choose 

n[A] := J d^'x tiG , (B.25) 

the variation is given by 

6^n[A] := J d^'x tiG iA^ix)5^A^ix)) = I d^'x Hg {A^{x)D^[A]tuix)) (B.26) 

= - j d'^x tiG {D^[A]A^{x) ■ uo{x)) , (B.27) 

where we have used the partial integration by parts. The requirement 5^7^[^] = 
for arbitrary oj yields = D ^[A\A^{x) = d^A^{x). This is the familiar Lorentz gauge 
which is a linear gauge. The linear equation df^A^{x) = can not have a soliton 
solution. 

Another way to obtain 5t^7^[^] = is to restrict the gauge transformation u such 
that D^[A]uj{x) = 0. This equation is solved for A^, see . For example, in the 
case ofG = SU{2), 

D^lAMx) := d^uj^ix) + (7e^^^^;;(a;)cu^(a;) = 0. (B.28) 

A solution is given by 

A^{x) = a^uj^ix) - ^e^^^cu«(x)9^a;^(x), (B.29) 

where is arbitrary Abelian vector field and is chosen to be a unit vector in 
three dimensions, uj'^{x)uj'^{x) = 1. In this way, it is possible to obtain a subset 
of a non-Abelian gauge theory. This formalism gives essentially the same result as 
the partial gauge fixing, the MA gauge. The details will be given in a forthcoming 
publication. 
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